Sensitivity reduction using optimally derived controllers by Herner, J. P.
i 
E - 1COORDlNATED SCIENCE LABORATORY 
SENSITIVITY REDUCTION 
USING OPTIMALLY 
DE RIVE D CONTROL 1 E RS 




T h i s  work was suppor ted  by t h e  J o i n t  S e r v i c e s  E l e c t r o n i c s  
Program (U.S. Army, U. S. Navy, and U.S. A i r  Force)  under 
C o n t r a c t  DA 28 043-AMC 000F3(E). 
Reproduction i n  whole o r  i n  p a r t  i s  pe rmi t t ed  f o r  any purpose of t h e  
Un i t ed  S t a t e s  Government. 
D i s t r i b u t i o n  of t h i s  r e p o r t  i s  un l imi t ed .  Q u a l i f i e d  r e q u e s t e r s  may 
o b t a i n  cop ie s  of  t h i s  r e p o r t  from DDC. 
I 
SENSITIVITY REDUCTION USING OPTIMALLY 
DERIVED CON TROLLERS 
James Phillip Herner, Ph.D. 
Department of Electrical Engineering 
University of Illinois,',1967 
1 Ab s t r act 
Feedback structures which reduce the parameter sensitivity of 
a linear system are derived from the solution of the classical 
linear regulator problem. 
inputs and outputs are treated, and simplifications in the design 
are noted for the time invariant case. 
Linear, time varying systems with several 
Throughout the discussion, problems of implementation are 
considered as constraints on the design of the system. 
unbounded elements in the controller are now allowable as the 
solution to the sensitivity problem. 
structure, herein called Nth order feedback, the sensitivity of 
the system may be reduced to an arbitrarily small value. 
Specifically, 
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1. INTRODUCTION 
In the design of automatic control systems, the sensitivity of 
the control system to the variation of its parameters is an important 
consideration. In fact, one of the primary reasons for the introduction 
of feedback into a system is the ability of feedback to diminish the 
influence of parameter variations on the properties of the system. 
Before design techniques could be developed, analysis of the 
sensitivity problem had to be made. The basic concepts in this area 
were first formulated by Bode [ 4 ] .  
to parameter variations is very useful for single input, single output, 
time invariant systems. 
was not easily generalized to systems with several inputs or outputs. 
To satisfy the need for a generalization, Cruz and Perkins [5,6,7,8] 
defined a new sensitivity matrix which compared the output errors of 
two system structures. In their case the two structures were the open 
loop system and the closed loop system with each structure restricted 
to realize the nominal transfer characteristics of the system in the 
absence of parameter variations. Perkins and Cruz [12]  also showed 
that for single input, time invariant systems the conditions for 
feedback to reduce the sensitivity of the system to parameter 
variations imply that the feedback must be an optimal control law. 
The control is optimal in the sense that a performance index, quadratic 
in the state variables and the input to the system, is minimized for 
all initial states. 
His definition of system sensitivity 
However, his definition of system sensitivity 
c 
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I f  t h e  converse of t he  above i m p l i c a t i o n  were t r u e ,  a des ign  
technique could be based on so lv ing  t h e  opt imal  c o n t r o l  problem which 
i s  known as t h e  l i n e a r  r e g u l a t o r  problem. 
shown t h a t  op t ima l ly  de r ived  c o n t r o l l e r s  reduce t h e  s e n s i t i v i t y  of t h e  
system t o  parameter  v a r i a t i o n s  f o r  a p a r t i c u l a r  weight ing  of t h e  
ou tpu t  e r r o r s .  However, t h i s  weight ing of t h e  ou tpu t  e r r o r s  i s  n o t  
s e l e c t e d  beforehand,  bu t  i s  a consequence of t h e  op t imiza t ion .  Since 
t h e  above p u b l i c a t i o n s  i n d i c a t e  a r e l a t i o n s h i p  between s e n s i t i v i t y  
Recen t ly ,  Anderson [1,2] has  
r educ t ion  and opt imal  c o n t r o l ,  t h i s  p r e s e n t  work i s  devoted t o  
e s t a b l i s h i n g  a c l o s e r  t i e  between t h e  two n o t i o n s .  
C o n t r o l l e r s  de r ived  from the  s o l u t i o n  of t h e  l i n e a r  r e g u l a t o r  
problerr. are p resen ted  as a design procedure .  It  i s  shown t h a t  t h e s e  
c o n t r o l l e r s  reduce t h e  s e n s i t i v i t y  of t h e  system t o  parameter v a r i a t i o n s .  
A s  f a r  as p o s s i b l e ,  ea se  of  implementation i s  c a r r i e d  through t h e  des ign  
as an i m p l i c i t  c o n s t r a i n t .  Chapter 2 i s  devoted t o  t h e  mathematical  
d e s c r i p t i o n  of t h e  system considered and t o  t h e  d e r i v a t i o n  of  t h e  
feedback s t r u c t u r e s .  Chapter 3 g ives  t h e  main r e s u l t s  of t h i s  
p r e s e n t a t i o n .  The comparative s e n s i t i v i t i e s  of t h e  s t r u c t u r e s  de r ived  
i n  t h e  second chap te r  a r e  given e x p l i c i t l y .  For  t h e  r e s t r i c t i o n  t o  
t ime i n v a r i a n t  sys tems,  s i m p l i f i c a t i o n s  are i n d i c a t e d .  I n  Chapter 4 ,  
l a r g e  v a r i a t i o n s  i n  parameters  a re  cons idered  i n  a s l i g h t l y  modif ied 
form and the  c o n t r o l l e r  i s  shown t o  reduce t h e  s e n s i t i v i t y  of t h e  system. 
Throughout t h i s  work, examples a re  p re sen ted  pu re ly  as i l l u s t r a t i o n s  




















introduction of other design considerations obscures the results 
emphasized in this work. Also ,  since the feedback structure of the 
system realizes the nominal characteristics of the open loop system 
in the absence of parameter variations, other design requirements can 
be satisfied in the same manner as they would be for the open loop 
system. 
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2. DERIVATION OF THE CONTROLLERS 
2.1 Description of the Plant 
The plant to be considered is shown in block diagram form in 
Figure 1. 
equations: 
It is described by the following set of linear differential 
where 
( - )  d/dt , 
The rxl dimensional vector u is called the input to the plant. 
pxl dimensional vector y is the output of the plant, and mxl dimensional 
vector - x is the state of the plant. The time varying matrices A, By 
and C are of appropriate dimensions. 
The - 
Equations (2.1) and (2.2) define a linear differential operator 
f. It is assumed that the plant is completely controllable and 
completely observable [ 103. 
that W(to,t) is positive definite for some finite t > t 
A test for complete controllability is 
where 
0 ’  
t 
0 
@(t ,t) is the state transition matrix, and superscript T denotes 
transpose. Similarly, by the duality theorem of Kalman, an analogous 
test can be made for complete observability. 
0 
5 
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F i g u r e  1. The nominal p l a n t .  
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The o p e r a t o r  i s  c a l l e d  the  nominal p l a n t .  S ince  v a r i a t i o n s  
occur  i n  t h e  elements of  t h e  ma t r i ces  A ,  B ,  and C ;  a d i f f e r e n t  o p e r a t o r  
I I 8 i s  de f ined  by t h e  p l a n t  equa t ions  (2.1) and ( 2 . 2 ) .  The o p e r a t o r  63 
i s  c a l l e d  t h e  v a r i e d  p l a n t .  The open loop system i s  c a l l e d  6, where 
Po- 8 ' .  (2 .4 )  
For each i n p u t  - u and system c o n f i g u r a t i o n  t h e  fo l lowing  d e f i n i t i o n s  a r e  
used: 
1) A s u p e r s c r i p t  ' denotes  a v a r i e d  q u a n t i t y  such as t h e  
v a r i e d  ou tpu t  y' and the  v a r i e d  s t a t e  x!. i -1 
2) The s u b s c r i p t  i denotes  t h e  system c o n f i g u r a t i o n  such as 
E .  Other system c o n f i g u r a t i o n s  t o  be de f ined  la ter  
are des igqa ted  ply do,, e t c .  
3 )  The e r r o r  s i g n a l  e .  i n  the  ou tpu t  of pi i s  de f ined  
-1 
by 
ei = y; - yi 
4 )  The e r r o r  s i g n a l  z i n  t he  s t a t e  of pi is  de f ined  by 
-i 
z .  = x! - x  
-1 -1 -i 
5) The s e n s i t i v i t y  of a system pi i s  measured by 
OD 
A i  = s  e i TWei d t ,  W >  - 0 , 






















Since feedback systems in t roduce  a dependence of t h e  p l a n t  i n p u t  on 
t h e  p l a n t  o u t p u t ,  feedback systems can be designed which are less 
s e n s i t i v e  than  t h e  e q u i v a l e n t  open loop system. 
shows t h a t  n o t  a l l  v a r i a t i o n s  can be compensated f o r  by v a r y i n g  t h e  
i n p u t .  T h e r e f o r e ,  i t  i s  assumed t h a t  t h e  v a r i e d  p l a n t  i s  o u t p u t  
However, P o r t e r  [13] 
e q u i v a l e n t  t o  t h e  
D e f i n i t i o n  : 
each - u c U ( i n p u t  
nominal p l a n t .  
piis o u t p u t  e q u i v a l e n t  t o  43 i f  and o n l y  i f  f o r  
space)  t h e r e  e x i s t s  - u '  c U such t h a t  
Output equiva lence ,  i t  should be  noted ,  i s  s i m i l a r  t o  t h e  complete 
c o m p a t i b i l i t y  o f  a d a p t i v e  c o n t r o l l e r s  [3] i n  t h a t  e i t h e r  n o t i o n  guarantees  
t h a t  t h e  system performance can be main ta ined .  The d i f f e r e n c e  i s  t h a t  no 
s t r u c t u r e  i s  s p e c i f i e d  f o r  t h e  g e n e r a t i o n  o f  t h e  v a r i e d  input  i n  t h e  
former case. 
With t h i s  r e s t r i c t i o n  on t h e  v a r i a t i o n s ,  t h e  open loop o u t p u t  
e r r o r  can be w r i t t e n  
I f  t h e  v a r i a t i o n s  are s m a l l  enough so  t h a t  t h e  approximation 
can  b e  made, 
(2.10) 
e = C z  -0 -0 
(2.11a) 
z = A z  + B 6 u  z ( t ) = O  
-0 -0 -0' 0 0 - 
8 
( 2 .  l l b )  
and 
- e(t ,)  = - 0 . ( 2 .  l l c )  
Hence, t h e  o u t p u t  e r r o r  can be considered as a consequence o f  an e r r o r  
i n  t h e  i n p u t  t o  t h e  nominal p l a n t .  
F i n a l l y ,  i t  i s  assumed t h a t  t h e  nominal p l a n t  i s  uniformly 
a s y m p t o t i c a l l y  s t a b l e .  This  assumption i s  n o t  r e s t r i c t i v e .  I n  f a c t ,  i f  
t h e  nominal p l a n t  i s  u n s t a b l e  and t h e  open loop system i s  t e s t e d  f o r  
s e n s i t i v i t y ,  t h e  e r r o r  s i g n a l  becomes unbounded even f o r  s m a l l  v a r i a t i o n s  
i n  t h e  p l a n t  parameters .  This  unbounded e r r o r  s i g n a l  occurs  because 
u n s t a b l e  modes are e x c i t e d  whenever t h e  p l a n t  var ies  from i t s  nominal 
v a l u e .  This  r e s u l t  i s  n o t  new s ince  i t  has  always been cons idered  "bad 
p r a c t i c e "  t o  c a n c e l  i n s t a b i l i t i e s  w i t h  an open loop i n p u t .  For t i m e  
i n v a r i a n t  systems t h i s  procedure would amount t o  c a n c e l l a t i o n  of p o l e s  
i n  t h e  r i g h t  h a l f  o f  t h e  complex frequency p lane  w i t h  zeros  i n  t h e  
r i g h t  h a l f  p l a n e .  
2 . 2  The Linear  Regula tor  Problem 
The l i n e a r  r e g u l a t o r  problem i s  w e l l  known [9 ,11 ]  and i s  presented  
because i t  i s  t h e  b a s i s  f o r  t h e  des ign  techniques  h e r e  f o r  completeness 
p r e s e n t e d  l a t e r .  
The p l a n t  i s  t h e  
e x c e p t  t h a t  - x ( t o )  # - 0 
same as given by Equat ions (2 .1 )  and (2 .2 )  
The problem i s  t o  se lec t  a c o n t r o l  of  t h e  form 
1 
u = k ( x , t ) ,  k c C -* (2.12)  
9 
which minimizes 
T J =  l i m  rTWy + I* R!* d t  
t --,= 1 
where W > - 0 ,  R > 0 f o r  a l l  t > - to. The s o l u t i o n  i s  g iven  by 




(2.15a) -1 T T T - P + P B R  B P  - A P  - P A = C W C ,  
P ( t l )  = 0 ,  P >  - 0 , (2.15b) 
- 
l i m  = P , 
1 t --,a 
and 
-1 T - F = R  B P .  
- 
Since  t h e  p l a n t  i s  completely c o n t r o l l a b l e ,  P ex is t s  f o r  a l l  t > _  to 
( p r o p o s i t i o n  (6 .6 ) ,  [ 9 ] ) ,  and t h e  system 
- x = (A - BF)x, x ( t o )  # 2 
( 2 . 1 5 ~ )  
(2.15d) 
(2.16) 
i s  a s y m p t o t i c a l l y  s t a b l e .  Complete o b s e r v a b i l i t y  i n s u r e s  t h a t  t h e  
c o n t r o l  can be genera ted  from measurements of  t h e  o u t p u t  1. 
w i t h  0 t h e  o p e r a t o r  d e f i n e d  by the s t a t e  t r a n s i t i o n  m a t r i x ,  t h e  
e q u a t i o n  
That i s ,  
F 8 B =  PC 0 B 
can be  so lved  f o r  t h e  o p e r a t o r  2 . 
(2.17) 
10 
Example 1: Given t h e  p l a n t  descr ibed  by 
; ' + + + y = u ,  
t he  s t a t e  equa t ions  a r e  
x =  - 
- - 
0 1  
-1 -1 
- 
X S  - 
y = [ 1  01 5 .  
Let  
2 J = 3y + u2 d t  
W 
0 
so t h a t  
F = [  1 .732] . 
Thus t h e  o p e r a t o r  3 has t h e  t ransform 
H ( s )  = ( 1  + .732s) . 
2.3 Closed Loop C o n t r o l l e r s  
The o p e r a t o r  i s  now used t o  form a se t  of feedback s t r u c t u r e s .  
The f i r s t  member of  t h i s  s e t  i s  cons t ruc t ed  i n  F igure  2 ,  where t h e  
p r e f i l t e r  &/ r e a l i z e s  t h e  t r a n s f e r  p r o p e r t i e s  of the  nominal p l a n t .  
By a s imple c a l c u l a t i o n ,  
(2.18) 
11 
‘-13 -! R -1 504 
Figure  2 .  The f i r s t  o r d e r  feedback s t r u c t u r e .  
12 
The o p e r a t o r  i s  descr ibed  i n  s t a t e  form by 
v =  - 
where 
s = A s  + Bw, ~ ( 0 )  = 0 , - - - 
v = Fs + E .  - - 
(2.19a) 
(2.19b) 
( 2 . 1 9 ~ )  
The s t r u c t u r e  i n  F igure  2 i s  c a l l e d  t h e  f i r s t  o r d e r  feedback system and 
is  r e p r e s e n t e d  by Pl. The a d d i t i o n a l  members of  t h e  s e t  of  feedback 
s t r u c t u r e s  are formed by a simple a lgor i thm.  The Nth member of t h i s  s e t  
i s  c a l l e d  t h e  Nth o r d e r  feedback system and i s  denoted 63,. The 
a l g o r i t h m  i s  d e p i c t e d  i n  F igure  3 and i s  
1 )  With t h e  system pi-, given ,  connect t h e  feedback 
loop y . 
2) I n s e r t  t h e  p r e f i l t e r  & , and 
3) Define t h e  r e s u l t a n t  o p e r a t o r  as Pi. 
Example 2: From Example 1, 
F = [ 1 .732] 
so  has  t ransform 
s2 + 1.732s + 2 
G ( s )  = 
s 2 + s + 1  
The second o r d e r  feedback system i s  shown i n  F igure  4 .  
13 
Pi from i-1' Figure 3. The formation of 
14 
q S 2 +  1.732Sf2 
s2 +s +1 




Figure  4 .  The second o r d e r  feedback s t r u c t u r e  
of Example 2.  
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3 .  SENSITIVITY ANALYSIS 
3 . 1  I n t r o d u c t i o n  
The elements  of t h e  se t  of  s t r u c t u r e s  
d e f i n e d  i n  Sec t ion  2 . 3  and Equation (2.4) s a t i s f y  
Pi = 67 f o r  i = 0 , 1 , 2 , . * .  
when e '= 43 . However, i f  t h e  p l a n t  d e v i a t e s  from i t s  nominal v a l u e  
&3 , 63: d e f i n e s  a d i f f e r e n t  o p e r a t o r  f o r  each  i = 0 , 1 , 2 , .  . . . It i s  
t h i s  d i f f e r e n c e  which i s  important and which i s  e x p l o i t e d  by t h e  d e s i g n  
t o  reduce t h e  s e n s i t i v i t y  of  t h e  system t o  v a r i a t i o n s  i n  t h e  p l a n t .  
A s  p r e v i o u s l y  d e f i n e d  i n  Equation ( 2 . 7 ) ,  t h e  s e n s i t i v i t y  of  t h e  
system i s  measured by A .  With A a s  t h e  measure of  system performance, 
t h e  n o t i o n  of comparative s e n s i t i v i t y  i s  used f o r  t h e  s e l e c t i o n  of  
t h e  c o n t r o l l e r  parameters .  I n  g e n e r a l ,  t h e  requirement  f o r  a n  adequate  
d e s i g n  i s  
A <_a A. f o r  a l l  P 
w i t h  0 C a C 1, where a i s  a cons tan t  s e l e c t e d  t o  s a t i s f y  t h e  t o l e r a n c e s  
p l a c e d  on t h e  system o u t p u t .  I n  t h e  next  s e c t i o n  t h e  a c t u a l  des ign  of  
a system which s a t i s f i e s  Equation (3.3)  i s  presented  w i t h  t h e  b a s i s  













3 . 2  T i m e  Varying P l a n t s  
Up t o  t h i s  p o i n t  i n  t h e  d i s c u s s i o n ,  t h e  s e l e c t i o n  of  t h e  matrices 
W and R h a s  n o t  been s p e c i f i e d  beyond t h a t  g iven  i n  Equat ion ( 2 . 6 ) .  
Now, W i s  chosen t o  correspond t o  t h e  weight ing  of  t h e  output  e r r o r s  
used i n  t h e  measure of  system performance, Equat ion ( 2 . 7 ) .  The choice  
i s  a n a t u r a l  one,  b u t  u n f o r t u n a t e l y ,  on ly  j u s t i f i a b l e  by t h e  r e s u l t s  i t  
produces.  The s e l e c t i o n  of t h e  m a t r i x  R i s  d e f e r r e d  u n t i l  a n a l y s i s  of  
t h e  d e s i g n  i s  g iven .  
Lemma 1: For  s m a l l  v a r i a t i o n s  i n  t h e  p l a n t  parameters ,  




Uo = l  6uOT R6uo d t  , 
( 3 . 4 )  
( 3 . 5 )  
( 3 . 6 )  
Proof:  The c a l c u l a t i o n  of  A, and A1 fo l lows  from Equat ions ( 2 . 7 ) ,  
( 2 . 1 1 )  and (2.15) .  
For  A,,  
z T P z  + z T T  F R F 3  
-0 -0 -0 e T W e  = -  - 0 - 0  
- z+, T T  A P %  - z T P A 3  
0 
17 
o r  
T .  
-0 
% - 0  TWe = - GT 
T 
+ z  -0 
F T RFZ + %T F ~ R  6u + 6uo T RF% 
-0 -0 
I n t e g r a t i o n  of  Equat ion ( 3 . 8 )  f o r  a l l  t i m e  y i e l d s  
OD 03 
W e  d t  =l (6% + Fz+) T R(6u + FG) S %  -0 -0 
OD 
T - 6% R6% d t  - %T Pz I . 
-O 
The l a s t  term vanishes  s i n c e  e x i s t s  and 
l i m  z ( t )  = 0 
-0 
t 4 W  
from t h e  e x i s t e n c e  of A . 
0 
For A , ,  
( 3 . 8 )  
( 3 . 9 )  
( 3 . 1 0 )  
T .  T T  
- z pZ1 - z A pZl - z  PA^^ + z F ~ R F ~ ,  ( 3 . 1 1 )  e Wel - T -1 -1 -1 -1 - -1 
o r  
e T W e  = - z T P z  -1 -1 - i T p z  -1 -1 - z l T p i 1 -  -1 -1 
+ 6% T RFzl + z T T  F R6% - 6u0 T 
-1 - 
-1 z F ~ R F " ~  
@% ( 3 . 1 2 )  













(3 .13 )  
Again t h e  last  term vanishes  s ince  
l i m  z l ( t )  = - 0 . (3 .14 )  
t - ) =  
S u b t r a c t i o n  of (3 .13 )  from ( 3 . 9 )  and rearrangement of t h e  terns y i e l d s  
( 3 . 4 ) .  
Theorem 1: For s m a l l  v a r i a t i o n s  i n  the  parameters of  t h e  p l a n t ,  
l i m  An = 0 . 
n + m  
(3 .15 )  
Proof:  Lemma 1 g e n e r a l i z e s  by induc t ion  and t h e  r e p e t i t i o n  of t h e  
proof f o r  Lema 1 wi th  6 u .  i n  p lace  of Then, 
-1 
and i n  gene ra l  
A, + U1 - A 2  - U2 = A, 
A 2  + U2 - A 3  - U3 = A 2  
(3.16) 
(3 .17 )  
(3 .18)  
Summation of A from i = 0 t o  i = n g ives  t h e  r e l a t i o n s h i p  i 
n 
C 
i = O  
Ai  = A, + Uo - An - Un . (3 .19 )  
The sequence of  p a r t i a l  sums def ined  by Equat ion ( 3 . 1 9 )  i s  monotone 
i n c r e a s i n g  s i n c e  IJ i s  p o s i t i v e  f o r  a l l  i .  This  sequence i s  a l s o  bounded 
i 
19 
from above by A. + Uo. 
Theorem 1 means t h a t  t he  e r r o r  can be reduced t o  an a r b i t r a r i l y  s m a l l  
Hence, the  sequence converges and (3.15) fo l lows .  
va lue  a t  t h e  c o s t  of i n c r e a s i n g  the number o f  s e c t i o n s  i n  t h e  feedback 
s t r u c t u r e .  Then the  r a t e  of decrease  f o r  each s t e p  and the un i fo rmi ty  
of  t h e  ra te  of decrease  become impor tan t .  
From Equat ion (3.18), t he  r a t e  of dec rease  i s  a func t ion  of t h e  
weight ing m a t r i x  R ,  a l b e i t  a ve ry  complicated f u n c t i o n .  However, f o r  
t h e  gene ra l  t ime va ry ing  p l a n t  the  a s s e r t i o n  can be made t h a t  a 
s u f f i c i e n t l y  smaller norm of  R i nc reases  t h e  ra te  of convergence. This 
s ta tement  fo l lows  from Theorem 2 .  
Theorem 2: With the  replacement of R by X R ,  A >  0 ,  i n  t h e  des ign  
of t he  c o n t r o l l e r  as g iven  i n  Sec t ions  2.2 and 2 .3 ,  
l i m  A,(x) = 0 . 
x 4. 0 
Proof :  From Equatio; '(3.13), 
(3 .20)  
(3.21) 
S ince  Uo e x i s t s  and i s  independent of  A, (3 .20)  i s  proved. 
i n t e r p r e t a t i o n  of Theorem 2 i s  t h a t  R should be s e l e c t e d  as s m a l l  as 
The 
p o s s i b l e  i n  o r d e r  t o  achieve  the  g r e a t e s t  dec rease  i n  t h e  s e n s i t i v i t y  
p e r  o r d e r  of feedback s t r u c t u r e .  However, sma l l e r  R m a t r i c e s  g e n e r a l l y  
y i e l d  feedback o p e r a t o r s  w i th  l a r g e r  parameter  v a l u e s .  Hence, t h e  
cho ice  of R i s  r e s t r i c t e d  by the va lue  of feedback which can be 
implemented. 
On an i n t u i t i v e  b a s i s ,  Theorem 1 and Theorem 2 a r e  s i m i l a r  r e s u l t s .  
The p rope r ty  o f  feedback which allows t h e  p o s s i b i l i t y  of s e n s i t i v i t y  
r educ t ion  d e r i v e s  from t h e  manner i n  which t h e  i n p u t  t o  t h e  p l a n t  i s  
formed. For t h e  nominal p l a n t ,  the d i f f e r e n c e  between t h e  feedback 
s i g n a l  and t h e  ou tpu t  of t h e  p r e f i l t e r  i s  the  nominal i n p u t .  When 
v a r i a t i o n s  i n  t h e  p l a n t  occu r ,  the i n p u t  t o  t h e  p l a n t  w i l l  change t o  
compensate f o r  t h s e  v a r i a t i o n s  i f  t h e  system i s  des igned  p rope r ly ,  
Hence, t h e  change i n  the  inpu t  r e l i e s  on t h e  ou tpu t  a c t u a l l y  d e v i a t i n g  
from i t s  nominal va lue .  Since t h i s  d e v i a t i o n  i s  t o  be kep t  s m a l l ,  t h e  
c o n t r o l l e r  must be a b l e  t o  d e t e c t  s m a l l  v a r i a t i o n s  and t o  .produce 
l a r g e  changes a t  t h e  i n p u t .  
To circumvent t h e  need f o r  la rge  ga ins  i n  t h e  system, the  h ighe r  
o r d e r  feedback s t r u c t u r e s  a r e  introduced i n  t h i s  work. Theorem 1 
v e r i f i e s  t h a t  t h e  d e s i r e d  reduct ion  i n  s e n s i t i v i t y  i s  p o s s i b l e .  The 
power t o  reduce t h e  s e n s i t i v i t y  o f  t he  p l a n t  r e s u l t s  from the manner 
i n  which the  i n p u t  t o  the  p l a n t  i s  formed by t h e  system. Ins t ead  of 
forming the  inpu t  as t h e  d i f f e r e n c e  of two l a r g e  s i g n a l s ,  t h e  h i g h e r  
o r d e r  feedback systems perform the repea ted  d i f f e r e n c e s  of many 
manageable s i g n a l s .  Then, i f  v a r i a t i o n s  occur ,  t h e  change i n  t h e  i n p u t  
i s  t h e  r e s u l t  of t h e  sum of many sma l l  s i g n a l s .  I n  t h i s  way, t he  
u n d e s i r a b l e  use of very  l a r g e  gains  i n  t h e  c o n t r o l l e r  i s  e l imina ted .  
The l a t t e r  method i s  n o t  without  l i m i t a t i o n s ,  however. I n s p e c t i o n  of  
t h e  h igh  o r d e r  feedback s t r u c t u r e s  r e v e a l s  t h a t  the  feedback loop 
must have t h e  power t o  supply the feedback s i g n a l  t o  many summation 
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points. Hence, the magnitude restriction is replaced by a power 
requirement . 
It should not be assumed that the algorithm given for forming 
the higher order feedback structures is necessarily the actual method 
of construction. 
particular choice of construction relies on factors in the design not 
considered here, this question is left for future study. 
Many other realizations are possible but since any 
3 . 3  Time Invariant Plants 
Since time invariant systems can be analyzed as finite dimensional 
linear operators in the frequency domain, improvements in the design 
are possible. Application of Parseval's theorem to Equation ( 3 . 9 )  
and Equation ( 3 . 1 3 )  yields 
( 3 . 2 2 )  
where 
K ( j w )  = I + F$? (jw)B , ( 3 . 2 3 )  
I? 
Q (jw) = [jwI-A]-l , ( 3 . 2 4 )  
t? 
* and superscript denotes conjugate transpose. Now frequency domain 
conditions on the R matrix can be formulated. Since each increase in 
the order of the feedback structure necessitates a greater amount of 
implementation, the choice of R should guarantee that each feedback 
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s t r u c t u r e  i s  b e t t e r  than  t h e  one before .  B e t t e r  i n  t h e  sense t h a t  
f o r  j = 1 , 2 , 3  ,.... 
Lemma 2:  A .  2 A f o r  a l l  6 U .  i f  and only  i f  
J j+l -J 
(3 .25 )  
(3 .26 )  K*RK + K-'*RK-l - 2 R >  - 0 f o r  a l l  r e a l  w . 
Proof :  See [ 71 . 
Equat ion (3 .26 )  can be s t a t e d  i n  a more convenient  form. Since 
R >  0, R has a unique square  r o o t  de f ined  by 
( 3 . 2 7 )  2 R = Q  
and 
Q >  0 .  (3 .28 )  
-1 
P r e m u l t i p l i c a t i o n  and p o s t m u l t i p l i c a t i o n  of Equation (3 .26 )  by Q 
y i e l d s  t h e  equ iva len t  necessa ry  and s u f f i c i e n t  cond i t ion  of Lemma 2 
(3 .29 )  -l*K' -1 - 21 > 0 f o r  a l l  r e a l  w , K'*K~ + K' - 
where 
(3 .30 )  -1 K' = QKQ . 
Theorem 3: 
( 3 . 2 9 )  i s  s a t i s f i e d .  
I f  K' i s  a normal o p e r a t o r  f o r  a l l  r e a l  W ,  Equat ion 
Proof:  K' normal i m p l i e s ,  by d e f i n i t i o n ,  
* * 
K' K' = K'K' = D >  0 . (3 .31 )  
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Then, Equation ( 3 . 2 9 )  becomes 
-1 2 
D {D-I] ( 3 . 3 2 )  
which is positive semidefinite since D -1 is positive definite, (D-I) 2 
-1 2 is positive semidefinite, and D , (D-I) commute. 
For single input systems K' is always normal since K '  is a 
scalar. The next example 
chosen to satisfy Theorem 
Example 3 :  Given 
shows that systems exist for which R can be 





F =  
- 
1-$"; 2 6 - 4  




F i n a  11 y 
S L  + 3s + 2 
which i s  a normal o p e r a t o r  f o r  s = j w ,  w r e a l .  
With t h i s  example a s  a b a s i s  t h e  des ign  f o r  t h e  performance 
c r i t e r i o n  
1 2 AS ? A ,  f o r  w C 6 - 
i s  produced. For t h e  va lues  given above, i t  can be v e r i f i e d  from t h e  
s e n s i t i v i t y  c r i t e r i o n  of Cruz and Pe rk ins  t h a t  t he  nth o rde r  feedback 
systems meet the  requirement  f o r  t he  ranges shown i n  Table 1. Hence, 
i n  o r d e r  t o  s a t i s f y  the  c r i t e r i o n  f o r  system performance, n must be 
chosen g r e a t e r  than  o r  equa l  t o  e i g h t .  
The o r d e r  of t h e  feedback s t r u c t u r e  may be decreased by i n c r e a s i n g  
t h e  ga ins  of t he  feedback elements .  For t h i s  c a s e ,  choose a new 
weight ing  of t h e  inpu t  
t hen  
and 
1 Q' = - 
2 6 - 4 1  
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The performance c r i t e r i o n  i s  m e t  f o r  t he  ranges of 
shown i n  Table 2 .  Thus, f o r  t h i s  choice  of weight ing  of t h e  i n p u t s ,  
t he  o r d e r  of t he  feedback system can be reduced t o  f o u r .  
w, w r e a l ,  
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Table 1 













Range o f  w f o r  




2 w 5 1 . 2 9  
n 
W L <  - 2.70  
2 
2 
W 5 4 . 1 2  




w - 6 . 9 3  
w < - 8.50 
w - < 9 . 9 0  
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Table 2 













Range of  W f o r  
which A 1. A, 1 
none 
2 w .83 - 






w e 6 .60  
w 9.40 
UJ e 12.4  
w C 15.4 







UJ < 21 - 
2 w e 23.8 - 
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4.  LARGE VARIATIONS I N  TIME INVARIANT SYSTEMS 
In the  preceding  s e c t i o n ,  the v a r i a t i o n s  i n  t h e  parameters  were 
assumed t o  be smal l  so t h a t  the  approximation 
could be made f o r  a l l  6 u .  - 
d i f f e r e n t  approach i s  taken  i n  t h i s  s e c t i o n .  The t y p e  of v a r i a t i o n  i s  
For the d i s c u s s i o n  of  l a r g e  v a r i a t i o n s  a 
s t i l l  assumed t o  leave  t h e  v a r i e d  p l a n t  ou tpu t  e q u i v a l e n t  t o  t h e  
nominal p l a n t ,  which by d e f i n i t i o n  i m p l i e s  t he  e x i s t e n c e  of the  i n p u t  
- u t ,  where - u '  i s  t h e  inpu t  t o  t h e  va r i ed  p l a n t  which y i e l d s  the  nominal 
o u t p u t ,  Therefore ,  t h e  inpu t  t o  the  open loop system i s  i n  e r r o r  by 
6 u  = u'  - - u (4 .2)  - 0 -  
S i m i l a r l y ,  t h e  i n p u t s  t o  t h e  feedback s t r u c t u r e s  a r e  i n  e r r o r  by 
6 u l ,  6 u 2 ,  e t c .  I t  i s  n o t  s u r p r i s i n g  t h a t  t h e s e  e r r o r s  a r e  r e l a t e d .  





y = C 8 Bu - (nominal system) (4 .6 )  
so t h a t  
6% = &  -1 (4 .7 )  
For t i m e  i n v a r i a n t  systems,  has t r ans fo rm 
G ( s )  = I + I?@ ( s ) B  = K(s) (4 .8)  4 
and Equat ion (4 .7 )  has t r ans fo rm 
Now F i s  opt imal  f o r  r e g u l a t o r  problem which impl i e s  
* 
K R K >  R f o r  a l l  r e a l  W . (4 .10)  
Hence , 
(4 .11)  
f o r  a l l  r e a l  W .  
i s  c l o s e r  t o  t h e  c o r r e c t  c o n t r o l g '  f o r  t h e  f i r s t  o r d e r  feedback system 
t h a n  f o r  t h e  open loop s y s t e m .  
o r d e r  feedback s t r u c t u r e s  t h a t  U approaches t h e  c o r r e c t  i n p u t ;  t h a t  i s ,  
Equat ion (4.11) shows t h a t  the  i n p u t  IJ, which i s  f i x e d ,  
S i m i l a r l y ,  i t  can be shown f o r  h ighe r  
- 
* * 
6 I J i - l  RGUi-1 > 6 U i  MUi (4.12) 
f o r  a l l  r e a l  w and i >  1. 
l a r g e  o rde r  feedback s t r u c t u r e s ,  
I n  f a c t ,  t h i s  e r r o r  goes t o  zero  f o r  very  - 
* 
l i m  6 U n  R 6 U n  = 0 f o r  a l l  r e a l  w . 
n + o J  
(4 .13)  
To prove Equat ion ( 4 . 1 3 ) ,  d e f i n e  the monotonic sequence 
- 1 > K- 2*RK-2 > - ndiRK - n R >  K ... > K 
which i s  bounded from below by the  z e r o  m a t r i x .  Hence, 
l i m  K - ~ * R K - ~  e x i s t s  f o r  a l l  u) , 
n + =  
and 
l i m  
n + m  
K - ~  e x i s t s  f o r  a l l  w . 
For any 6U wi th  f i n i t e  norm, 0 
l i m  K - ~  6 U o  = l i m  6 U n  = - a 
n + m  n + =  
f o r  some 2, and 
- (n- 1) 
ti uO Ka - = K l i m  K-n 6 U o  = l i m  K 
n + =  n - . r m  
K-n ' 6 U  = a .  0 = l i m  n '  .-) m 
But K = I + R B ,  so t h a t  B 
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(4 .14)  
(4 .15)  
(4 .16)  
(4 .17)  
(4 .18)  
(4 .19 )  
Now, t h e  p a i r  [ A , B ]  i s  by assumption completely c o n t r o l l a b l e  and t h e  
p a i r  [ F , A ]  i s  by o p t i m a l i t y  completely observable .  
Lemma 6 
Hence, by [ 141 
F$ B i s  nons ingular  a 
so  t h a t  
a = O  - -  
(4 .20)  
(4.21) 
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and Equat ion (4.12)  fo l lows .  
Thus, even i f  t h e  v a r i a t i o n s  a r e  l a r g e  t h e  h ighe r  o rde r  feedback 
s t r u c t u r e s  a r e  capable  of s e n s i t i v i t y  r educ t ion  i f  t h e  v a r i e d  system 




I t  has  been shown t h a t  op t imal ly  d e r i v e d  c o n t r o l l e r s  y i e l d  systems 
which can be made a r b i t r a r i l y  i n s e n s i t i v e  t o  parameter  v a r i a t i o n s .  
Theorem 1 shows t h a t  t h e  s e n s i t i v i t y  of  a l i n e a r  p l a n t  approaches z e r o  
wi th  very  high o r d e r  feedback s t r u c t u r e s .  Theorem 2 s t a t e s  t h a t  t h e  
same goal  i s  achieved w i t h  a n  i n c r e a s e  i n  t h e  g a i n s  a s s o c i a t e d  w i t h  t h e  
feedback s t r u c t u r e .  However, i n  any p r a c t i c a l  s i t u a t i o n  t h e  g a i n s  must 
of  course  remain bounded. For  any s p e c i f i e d  problem, t h e r e f o r e ,  t h e r e  
e x i s t s  a t r a d e - o f f  between t h e  number of s t a g e s  which must be implemented 
and t h e  g a i n s  which must be met i n  t h e  implementation o f  any one s t a g e .  
Hence, i t  i s  suggested t h a t  t h e  r e l a t i o n s h i p s  g iven  h e r e  be used a s  
g u i d e l i n e s ,  tempered by o t h e r  design c o n s i d e r a t i o n s  such a s  r e a l i z a b i l i t y  
a s  a p a s s i v e  network,  weight  l i m i t a t i o n s ,  power requi rements ,  and s i z e  
r e s t r i c t i o n s .  
The r e a l i z a b i l i t y  of t h e  feedback o p e r a t o r  i s  t h e  primary l i m i t a t i o n  
of t h i s  method of d e s i g n .  Since t h e  e x a c t  r e a l i z a t i o n  o f  t h e  feedback 
o p e r a t o r  r e q u i r e s  i n f i n i t e  bandwidth, o n l y  a n  approximation of t h e  
feedback o p e r a t o r  can be  implemented. This  l i m i t a t i o n  i s  p a r t i a l l y  
reduced by t h e  f a c t  t h a t  automatic  c o n t r o l  systems a r e  g e n e r a l l y  low 
p a s s  systems.  Thus t h e  i n p u t  may be r e s t r i c t e d  s o  t h a t  t h e  i n p u t  
f r e q u e n c i e s  a r e  bounded. Then the  feedback o p e r a t o r  can be approximated 
o v e r  t h i s  band of  f r e q u e n c i e s  by t h e  i n s e r t i o n  o f  p o l e s  which l i e  
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sufficiently to the left of the imaginary axis. In this process, great 
care must be taken to insure that high frequency instabilities are not 
introduced. 
5.2  Problems for Future Study 
The most severe restriction or assumption made in this development 
is the condition that the varied plant is output equivalent to the 
nominal plant. A sufficient condition for output equivalence is the 
existence of an inverse operator f o r  the varied plant. However, the 
existence of an inverse operator is not a necessary condition for output 
equivalence. Consider a single input , time invariant , mth order 
differential plant whose outputs are the states. Expression of the 
nominal plant and the varied plant in canonical form yields 
A I  = A + bT for some g (5 .1)  
Thus, the varied plant is output equivalent to the nominal plant and 
u t  is given by 
T u 1  = u - g x  (5 .2)  
where x(0) = - -  0 ,  k = Ax - -  + bu for each u. 
and sufficient conditions for one system to be output equivalent to 
another system merits some attention. 













B. D. 0. Anderson, "The Inverse Problem of Optimal Control," 
Report-SEL-66-038 (TR No. 6560-3), Stanford Electronics 
Laboratory, Stanford, California, April 1966. 
B. D. 0. Anderson, "Sensitivity Improvement Using Optimal 
Design," Proc. IEE, Vol. 113, No. 6, pp. 1084-1086, June 1966. 
S. P. Bingulac, "On the Compatability of Adaptive Controllers," 
Proceedings Fourth Annual Allerton Conference on Circuit and 
System Theory, pp. 8-16, University of Illinois, 1966. 
H. W. Bode, Network Analysis and Feedback Amplifier Design, 
D. VanNostrand Co., Inc., New York, 1945. 
J. B. Cruz, Jr. and W. R. Perkins, "A New Approach to the 
Sensitivity Problem in Multivariable Feedback System Design," 
IEEE Transactions on Automatic Control, Vol. AC-9, pp. 216-223, 
July 1964. 
J. B. Cruz, Jr. and W. R. Perkins, "The Role of 
in the Design of Multivariable Linear Systems," 
-* Conf , Vol. 20, pp. 742-745, 1964. . 
J. B. Cruz, Jr. and W. R. Perkins, "Sensitivity 
Sensitivity 
Proc. Nat. Elec. 
of Open-loop 
and Closed-loop Systems," Proc. Third Annual Allerton Conference 
on Circuit and System Theory, pp. 607-612, University of 
Illinois , 1965. 
J. B. Cruz, Jr. and W. R. Perkins, "Criteria for System 
Sensitivity to Parameter Variations," Proc. Third Congress of 
the International Federation of Automatic Control, pp. 18c.l- 
18c.8, London, 1966. 
R. E. Kalman, "Contributions to the Theory of Optimal 
Control," Boleton de la Sociedad Matematica Mexicana, Vol. 5, 
Numero 1, pp. 102-119, 1960. 
R. E. Kalman, "Mathematical Description of Linear Dynamical 
Systems ,It Journal of the Society for Industrial and Applied 
Mathematics, Series A, Vol. 1, No. 2, pp. 152-192, 1963. 
35 
11. R. E. Kalman, "When is a Linear Control System Optimal?" Journal 
of Basic Engineering (Trans. ASME, Series D), pp. 51-60, March 
1964. 
12. W. R. Perkins and J. B. Cruz, Jr., "The Parameter Variation 
Problem in State Feedback Control Systems," Journal of Basic 
Engineering (Trans. ASME, Series D), pp. 120-124, March 1965. 
13. W. A. Porter, "Some Theoretical Limitations of System Sensitivity 
Reduction," Proceedings Third Annual Allerton Conference on 
Circuit and System Theory, University of Illinois, 1965. 
14. D. C. Youla, "The Synthesis of Linear Dynamical Systems from 
Prescribed Weighting Patterns," PIB Report PIBMRI-1271-65, 
Polytechnic Institute of Brooklyn, June 1965. 
36 
VITA 
James Phillip Herner was born    
 He was educated in public schools and entered the 
University of Illinois in September 1959. He received the Bachelor 
of Science in Electrical Engineering with Highest Honors in 1963, the 
Master of Science with the presentation of his Master's thesis in 
1964, and the Doctor of Philosophy in 1967. During the period from 
1959 to 1963, he was the recipient of a Cook County Scholarship. 
From 1963 to 1966, he was a fellow of the National Aeronautics and 
Space Administration; and from 1966 to 1967, he was a research 
assistant of the Coordinated Science Laboratory at the University of 
Illinois. 
DISTRIBUTION LIST A S  OF APRIL 1 , 1 9 6 7  
1 Dr. Edward H. R e i l l e y  
A s s t .  D i r e c t o r  (Research)  
Ofc. o f  Defense  Res. h Engrg. 
Washington ,  D. C. 20301 
D e p a r m e n r  o f  Defense 
1 O f f i c e  of  Deputy D ~ r e c t o r  
(Research  and I n f o r m a t i o n  Fm. 301037) 
ncoartmenr a f  Defense 
The Penragon 
Washington, D. C .  20301 
I D i r e c t o r  
Advanced Research  P r o j e c t s  Agency 
DcDarrment Of Defense 
Washington, D. C. 20301 
1 D i r e c r o r  f o r  M a t e r i a l s  S c i e n c e s  
Advanced Research  Projects Agency 
Washington ,  D. C .  20301 
Department o f  Defense 
1  I l c a d q u a r t e r s  
Defense  C o m u n i c a t i o n s  Agency (333) 
Washington ,  D. C .  20305 
50 Defense  Documenta t ion  C e n t e r  
A t m  TISIA 
Cameron S t a t i o n ,  Bldg. 5  
























D i r e c t o r  
N a t i o n a l  S e c u r i t y  Agency 
A r m :  TDL 
F o r t  George G. Meade, Maryland  
Weapons Sys tems E v a l u a t i o n  Group 
At tn :  Col. D a n i e l  W .  McEluee 
Washington ,  D. C .  20305 
N a t i o n a l  S e c u r i t y  Agency 
A t t n :  R4-James T i p p e t  
F o r t  George G .  Meade, Maryland 
C e n t r a l  I n t e l l i g e n c e  Agency 
At tn :  OCRIDD P u b l i c a t i o n s  
Washington ,  D .  C .  20505 
Colonel  Kee 
AFRSTE 
Hqs. USAF 
Washington, D. C .  20330 
Colonel  A. Swan 
Aerospace M e d i c a l  D i v i s i o n  
Brooks A i r  F o r c e  B a s e ,  Texas 
20755 
Department of  Defense  
O f f i c e  o f  Research  
20755 
ROO" 1P429, The Pentagon 
78235 
AUL3T-9663 
Maxwell AFB. Alabama 36112 
AFFTC (FTBPP-2) 
T e c h n i c a l  L i b r a r y  
Edvards  AFB, C a l i f o r n i a  93523 
Space  Sys tems D i v i s i o n  
A i r  Force  Sys tems Command 
Lo. Angelea A i r  F o r c e  Station 
Los Angeles ,  C a l i f o r n i a  90045 
A r m :  SSSD 
Major  C h a r l e s  Waespy 
T c c h n i c n l  Division 
Deputy f o r  Technology 
Space Systems D i v i s i o n ,  AFSC 
Los A n g c l e s ,  C a l i f o r n i a  90045 
SSD(SSTRT/Lt. Scarbuck)  
AFWO 
LOS Angcles ,  C a l i f o r n i a  90045 
Det .  B6. OAR (LOOAR) 
Air Force  U n i t  P o s t  O f f i c e  
Los A n ~ e l e s .  California 90045 
Sys tems E n g i n e e r i n g  Croup (RTD) 
T e c h n i c a l  I n f o r m a t i o n  Reference  Branch 
A t t n :  SEPIR 
D i r e C t a r o t e  o f  E n g i n e e r i n g  S t a n d a r d s  
W r i g h t - P a t t e r s o n  AFB, Ohio 45433 
6 T e c h n i c a l  I n f o r m a t i o n  
ARL (ARIY) 
W r i g h t - P a t t e r s o n  AFB. Ohia 45433 
Dr. H .  V .  Noble  
A i r  Force A v i o n i c s  L a b o r a t o r y  
W r i g h t - P s t e e r s n n  AFB, Ohio 45433 
Mc, Pcrer Murray  
A i r  Force  A v i o n i c s  L a b o r a t o r y  
W r i g h t - P a t t e r s o n  AFB. Ohio  45433 
AFAL (AVTE/R.D. L a r s o n )  
W r i g h t - P s t t e r s a n  AFB. Ohio  45433 
Commanding G e n e r a l  
At fn :  STmS-US-VT 
White Sands  M i r s i l e  Range. 
~e~ nexico 88002 
RAD€ ( D a A L - I )  
C r i f f i s s  AFB. New York 13442 
Atfn :  Documents L i b r a r y  
Academy L i b r a r y  (DFSLB) 
U. S .  Aid F o r c e  Academy 
Colorado  S p r i n g s ,  Colorado  80912 
LL.  C o l .  B e r n a r d  s .  Morgan 
Frank 1. S e i l e r  Research  Labora tory  
U. S .  A i r  F a r c e  Academy 
Colorado  S p r i n g s .  Colorado  80912 
APGC (PCBPS-12) 






















Commanding O f f l c e r  
Human Engineer ing  L a b o r a t o r i e s  
Aberdeen Proving  Ground,  Maryland  21005 
D i r e c t o r  
U. S .  Army Engineer Geodesy ,  I n t e l l i g e n c e  
Research  and Development Agency 
Fort B e l v i o r ,  V i r g i n i a  22060 
Cornandant  
U. S .  Army Command and G e n e r a l  S t a f f  C o l l e g e  
F o r t  Leavenworth, Kansas 66270 
Dr.  H. Rob1 
Deputy Chief  S c i e n t i s t  
U. 5 .  Army Research O f f i c e  (Durham) 
Box M ,  Duke S t a t i o n  
Durham, North C a r o l i n a  27706 
Commanding O f f i c e r  
U. S. Army Research O f f i c e  (Durham) 
Arm:  CRD-AA-IP (Richard  0 .  Ulsh)  
Box M, Duke S t a t i o n  
Durham, Nor th  C a r o l i n a  27706 
and Happing 
Attn: s e c r e t a r y  
L i b r a r i a n  
Welt P o i n t ,  New York 10996 
u .  s .  ~ r m ~  n i i i r a r y  ~~~d~~~ 
The W a l t e r  Reed I n s t i t u t e  o f  Research  
Wal te r  Reed M e d i c a l  C e n t e r  
Washington. D. C .  20012 
Cornanding  O f f i c e r  
F o r t  Huachwa,  Ar izona  85163 
Commanding O f f i c e r  
U. S .  Army Engineer  R6.D L a b o r a t o r y  
Attn: STINFO Branch  
F o r t  B e l v o i r ,  V l r g l n i a  22060 
Commanding o f f i c e r  
U. S .  Army Electronics R6.D A c t i v i t y  
White Sands M i s s i l e  Range, New Mexico 88002 
Dr. S .  Benedic t  L e v i n ,  D i r e c t o r  
I n s t i t u t e  far  E x p l o r a r o r y  Research  
U. S .  Army E l e c t r o n i c s  Carnand 
F o r t  Manmouth, New J e r s e y  07703 
D i r e c t o r  
I n s t i t u t e  for  E x p l a r a m r y  Research  
U. S .  Army E l e c t r o n i c s  Command 
Attn: Mr. Rober t  0 .  P a r k e r .  E x e c u t i v e  
F o r t  Monmouth, Ncw J e r s e y  07703 
Commanding Genera l  
U. S .  Amy E l e c t r o n i c s  Command 
F o r t  Monmauth. New J e r s e y  07703 
u .  s. Army E l e c t r o m c s  R6.D A c t i v i t y  
S e c r e t o r y ,  JSTAC (AHSEL-XL-D) 



























C h i e f  o f  Naval Research  
Department of  che Navy 
Washington, D. C. 20360 
At tn :  Code 427 
C h i e f  o f  Naval Research  
Department of t h e  Navy 
Washington, D.  C. 20360 
A t m :  Code 437 
Naval  E l e c t r o n i c s  Sys tems Command 
ELEX 0 3  
F a l l s  Church, V i r g i n i a  22046 
Naval  Ship Sys tems Command 
SllIP 031 
Washington, D .  C. 20360 
Naval  Ship Sys tems Command 
SHIP 035 
Washington, 0 .  C. 20360 
Naval  Ordnance Sys tems Camand 
ORD 32 
Washington, D. C .  20360 
Naval  Air Sys tems Command 
AIR 0 3  
Washington, D. C .  20360 
Commanding O f f i c e r  
O f f i c e  of Naval  Research  Branch Oftlce 
Box 3 9 ,  Navy No. 100  F.P.O. 


























AFETR T e c h n i c a l  L i b r a r y  
(Em, MU-135) 
P a t r i c k  AFB,Flor ida  32925 
AFETR (En.Lc-1) 
STINFO O f f i c e r  ( F a r  L i b r a r y )  
P a t r i c k  APB, F l o r i d a  32925 
Dr. L. M. H o l l i n g s v o r f h  
AFCRL (CRN) 
1. G .  Hanscom F i e l d  
Bedford ,  M a s s a c h u s e t t s  01731 
AFCRL (CnnxLR) 
AFCRL Research  L i b r a r y ,  S t o p  29 
L. G. Hanscom F i e l d  
B e d f o r d ,  M a s s a c h u s e t t s  01731 
C o l o n e l  R o b e r t  E. Fontana  
Department o f  E l e c t r i c a l  Engineering 
A i r  Force  I n s t i t u t e  o f  Technology 
W r i g h t - P a t t e r s o n  AFB, Ohio  45433 
Colonel  A. D.  Blue 
RTD (RTTL) 
B o i l i n g  A i r  F o r c e  Base ,  D. C .  20332 
Dr. I. R. Mirman 
AFSC (SCT) 
Andreus AFB, Maryland 20331 
C o l o n e l  s. D. uarchman 
AFSC (SCTR) 
Andrevs AFB, Maryland  20331 
L t .  Col .  J.  L. Reeves 
AFSC (SCBB) 
Andrevs AFB, Maryland  20331 
ESD (ESTI) 
L. 6. Hanscom F i e l d  
Bedford ,  MasSachuseLts 01731 
AED€ (ARO. INC) 
At tn: L i  brary/Docurnen L S  
Arnold  APS, Tennessee 37389 
European O f f l c e  o f  Aerospace  Research  
S h e l l  B u i l d i n g  
47 R u c  C a n t e r s t e c n  
B r u s s e l s ,  Br lg ivm 
I t .  Col .  Rober t  B. K a l i s c h  
C h i e f .  E l e c t r o n i c s  D l v i s i o n  
A i r  F a r c e  O f f i c e  o f  S c i e n t i f i c  Research  
A r l i n g t o n ,  V i r g i n i a  22?09 
U. S. Army Research  O f f i c e  
A r m :  P h y s i c a l  S c i e n c e s  Division 
3045 Columbia P i k e  
A r l i n g t o n .  V i r g m l a  22204 
U. Research  S .  Army P l a n s  Research  O f f x e  O f f i c e  
3045 Columbra P i k e  
A r l i n g t o n ,  V i r g i n i a  22204 
Commanding G e n e r a l  
W .  S .  Army M a t e r i e l  Command 
Act": AHCRD-RS-DE-€ 
Wunhington, D. C .  20315 
Commanding General 
U. S .  Army S t r a t e g i c  Communications Command 
Washington ,  D. C. 70315 
Commanding O f f i c e r  
U 
Watertom Arsenal 
Wafertown, Masrachuse t t s  02172 
Commanding O f f i c e r  
U. S .  Army B a l l i s t i c s  Research  L o b o i i f o r y  
A t f n :  V. W .  R i c h a r d s  
Aberdeen P r o v i n g  Ground 
Aberdeen ,  Maryland  21005 
Commandant 
U. S .  Army A i r  Defense School  
ALL": M i s s i l e  Sciences D i v i s i o n ,  Dcpt .  
P.O. Box 9390 
F o r t  B l i s s ,  Texas 79916 
Rcdrconc S c i e n t i f i c  I n f o r m a t i o n  C e n t e r  
Atfn: C h i e f ,  Document S e c t i o n  
RcdsCune Arsenal ,  Alabnmo 35809 
Conmanding General 
P r a n k f o r d  A r s e n a l  
Attn:  SMLIFA-1310 (Dr. S ldney  Ross) 
P h i l a d e l p h i a ,  Pennsylvania  19137 
E. S .  Army M u n i t i o n s  Command 
A t t n :  T e c h n i c a l  I n f o r m a t i o n  Branch 
P i c a t i n n e y  Arsenal 
Dover. Ncw J e r s e y  07801 
Canmanding O i f i c e r  
Harry  Diamond L a b o r a t o r i e s  
At tn :  Dr. B e r t h o l d  Almman ( W W - T I )  
Conncct icuf  Avenue and Van Ness S t r e e t ,  N . W .  
Washington ,  D. c .  20438 
D l r e c L o r e t e  Of E n g i n e e r i n g  s c i e n c c s  
S .  Army M a t e r i a l s  Resevrch  Agency 
Commanding O f f i c e r  
U. 5. Army S e c u r i t y  Agency 
A r l i n e t o n  H a l l  
A r l i n g t o n ,  v i r g i n l a  22212 
Commanding O f f i c e r  
U. S .  Army Limi ted  Wor L a b o r a t o r y  
Acrn: T e c h n i c a l  Director 
Aberdecn P r o v i n g  Ground 
Aberdeen ,  Maryland  21005 
1 Commanding O c f i c e r  
O f f i c e  o f  Naval Research Branch O f f i c e  
219 Sou th  Dearborn S t r e e t  
Ch icago ,  I l l i n o i s  60604 
I Goddsrd Space FllghL C e n t e r  
N a t i o n a l  Aeronau t i c s  and Space Admin i s t r a t ion  
At tn :  L i b r a r y  C3lTDL 
Green B e l t ,  Maryland 20771 
1 NASA Lewis Research C e n t e r  
A t tn :  L i b r a r y  
21000 Brookpark Road 
C leve land ,  Ohio 44135 
1  N a t i o n a l  Sc ience  Founda t ion  
At tn :  D r .  John R .  Lehmann 
1800 G S t r e e t ,  N.W.  
Washington, D.  C .  20550 
D i v i s i o n  a f  Eng inee r ing  
1 U. s. Atomic Energy Commission 
D i v i s i o n  o f  Techn ica l  I n f o r m a t i a n  E x t e n s ~ o ~  
P. 0.  Box 62 
Oak Ridge, Tennessee 37831 
1 Los Alamoo S c i e n t i f i c  L a b o r a t o r y  
I The Johns Hopkins U n i v e r s i t y  
App l i ed  P h y s i c s  L a b o r a t o r y  
8621 Georg ia  Avenue 
S i l v e r  S p r i n g ,  Maryland 20910 
Arm:  B a r i s  W .  Kuvsh lnof f  
Document L i b r a r i a n  
Hunt L i b r a r y  
Carneg ie  I n s t i t u t e  o f  Technology 
Schen ley  Pa rk  
P i t t s b u r g h ,  Pennsy lvan ia  15213 
Dr. Leo Young 
S t a n f o r d  Resea rch  I n s c i t u c e  
Menlo P a r k ,  C a l i f o r n i a  94025 
Mr. Henry L .  Bachmann 
A s s i s t a n t  Chief Eng inee r  
Wheeler L a b o r a t o r i e s  
122 CuCfe rmi l l  Road 
G r e a t  Neck, New York 11021 
Schoo l  of Eng inee r ing  S c i e n c e s  
Ar i zona  S t a r e  U n i v e r s i t y  
Tempe, Ar i zona  85281 
U n i v e r s i t y  of C a l i f o r n i a  a t  Los Ange le s  
Ias Ange les ,  C a l i f o r n i a  90024 
C a l i f o r n i a  I n s t i t u t e  of Technology 
Pasadena ,  C a l i f o r n i a  91109 
Arm:  Dxumen t s  L i b r a r y  
U n i v e r s i t y  a f  C a l i f o r n i a  
Santa Barba ra ,  C a l i f o r n i a  93106 
Attn: L i b r a r y  
Carneg ie  I n s t i t u t e  o f  Technology 
E l e c t r i c a l  Eng inee r ing  Department 
P i t t s b u r g h ,  Pennsy lvan ia  15213 
U n i v e r s i t y  o f  Michigan 
E l e c t r i c a l  Eng inee r ing  Deparfment 
Ann Arbor ,  Michigan 48104 
Department O f  Engineering 
I Commanding O f f i c e r  
O f f i c e  o f  Naval Research Branch O f f i c e  
1030 E J S L  Grren Street 
1 Pasadena .  C a l i f o r n i a  91101 
1 Camand ing  O f f i c e r  
O f f i c e  o f  Naval Research Branch O f f i c e  
207 West 24 th  S t r e e t  
New York, Nev York 10011 
Comnanding O f f i c e r  
O f f i c e  o f  Nava l  Resea rch  Branch Office 
495 Sumner srreet 
B o r m n ,  Massachuse t t s  02210 
D i r e c t o r ,  Naval Resea rch  L a b o r a t o r y  
T e c h n i c a l  I n f o r m a t i o n  O f f i c e r  
Washington, D. C .  20390 
Attn: Code 2000 
Commander 
Naval A i r  Development and M a t e r i a l  Cen te r  
J o h n r v i l l e ,  Pennsy lvan ia  18974 
1 
8  
A t m :  Repor t s  L i b r a r y  
P .  0. Box 1663 
Los Alamos, New Mexico 87544 
2  NASA S c i e n t i f i c  h T e c h n i c a l  I n f o r m a t i o n  
F a c i l i t y  
At tn :  A c q u i s i t i o n s  Branch (SIAKIDL) 
P. 0 .  Box 33  
Co l l ege  P a r k ,  Maryland 20740 
L i b r a r i a n  
U. S .  Naval E l e c t r o n i c s  Labora to ry  
Son Diego ,  C a l i f o r n i a  95152 
Commanding O f f i c e r  and D i r e c t o r  
U. S. Naval Underwater Sound L a b o r a t o r y  
F o r t  Trurnbull 
New London, C o n n e c t i c u t  06840 
L i b r a r i a n  
U. S. Navy P o s t  Gradua te  Schoo l  
M m t e r e y ,  C a l i f o r n i a  93940 
Commander 
U. S. Naval  A i r  M i o s i l e  T e s t  Cen te r  
P o i n t  Mugu, C a l i f o r n i a  95468 
1 D i r e c t o r  
Research Labara ro ry  o f  E l e c t r o n i c s  
M a s s a c h u s e t t s  I n s t i t u t e  o f  Technology 
Cambridge, Massachuse t t s  02139 
1 P o l y t e c h n i c  I n s t i t u t e  o f  Brooklyn 
55  Johnson S t r ee t  
Brooklyn, New York 11201 
At tn :  Mr. Jerome FOX 
Research Coord ina to r  
1 D i r e c t o r  
Columbia Rad ia t ion  L a b o r a t o r y  
Columbia Un ive ro i ry  
538 West 120 th  Street 
D i r e c t o r  
U. S. Naval Obse rva to ry  
Washington, D. C .  20390 
1 New York U n i v e r s i t y  
Co l l ege  o f  Eng inee r ing  
New York, New York 10019 
1 Syracuse  U n i v e r s i t y  
Department of E l e c t r i c a l  E n g i n e e r i n g  
S y r a c u s e ,  New York 13210 
1 Yale u n i v e r s i t y  
Eng inee r ing  Department 
New Haven, Connec t i cu t  06520 
1 Ai rborne  I n s t r u m e n t s  L a b o r a t o r y  
Deerpark.  New Yark 11729 
1 Bendix P a c i I i c  D i v i s i o n  
11600 Sherman Way 
Nor th  Hollywood, C a l i f o r n i a  91605 
I Genera l  E l e c t r i c  company 
Resea rch  Laboratories 
Schenec tady ,  New York 12301  
New York, New York 10027 
1 D i r e c ~ o r  
Coord ina ted  Sc ience  Laboratory 
Urbana, I l l i n o i s  61801 
u n i v e r s i t y  o f  I l l i n o i s  
1 D i r e c t o r  
S t a n f o r d  E l e c t r o n i c s  L a b o r a t o r i e s  
S t a n f o r d  U n i v e r s i t y  
S t a n f o r d ,  C a l i f o r n i a  94305 
1 D i r e c c o r  
E l e c t r o n i c s  Research L a b o r a t o r y  
U n i v e r s i t y  of C a l i f o r n i a  
B e r k e l e y ,  C a l i f o r n i a  94720 
1 D i r e c t o r  
E l e c t r o n i c  Sc iences  L a b o r a t o r y  
U n i v e r s i t y  of  Sou the rn  C a l i f o r n i a  
Lor Ange le s ,  C a l i f o r n i a  90001 
1 P r o f e s s o r  A .  A. Dougal,  D i r e c t o r  
L a b o r a t o r i e s  for E l e c t r o n i c s  and Re la t ed  
S c i e n c e s  Research 
U n i v e r s i t y  of Texas  
A u s f i n ,  Texas 78712 
D i v i s i o n  o f  Eng inee r ing  and App l i ed  Phys ic I  
210 p i e r c e  11811 
Hsrva rd  U n i v e r s i t y  
Cambridge, Massachuse t t s  02138 
1 
1 Aerospace Corpora t ion  
P. 0 .  Box 95085 
Lor Ange les ,  C a l i f o r n i a  90045 
Arm: L i b r a r y  A c q u i s i t i a n s  Group 
1 P r o f e s s o r  N icho las  George 
C a l i f o r n r a  I n s t i t u t e  of  Technology 
Pasadena ,  C a l i f o r n i a  91109 
1 Aeronautics L i b r a r y  
Gradua te  A e r o n a u t i c a l  L a b o r a t o r i e s  
C a l i f o r n i a  I l l s t l t U L e  o f  Technology 
1201 Eaet  C a l i r o r n i a  Boulevard 
Pasadens ,  C a l i f o r n i a  91109 
1 D i r e c t o r ,  USAF Project RAND 
Via :  A i r  Force L i a i s o n  O f f i c e  
The RAND Corpora t ion  
1700 Main Street 
San ta  Monica,  C a l i f o r n i a  90406 
Attn: L i b r a r y  
Ch ie f  o f  Naval O p e r a t i o n s  
Washington, D.  C. 20350 
OP-07 
D i r e c t o r ,  U. S .  Naval S e c u r i t y  Group 
A t t n :  G43 
3801 Nebraska Avenue 
Wnshingtan, D. C .  20016 
Commanding O f f i c e r  
Naval Ordnance L a b o r a t o r y  
White Oak, Maryland 21162 
Commanding O f f i c e r  
Naval Ordnance L a b o r a t o r y  
Corona ,  C a l i f o r n m  91720 
Commanding O f f i c e r  
Nava l  Ordnance Test S t a t i o n  
China Lake ,  C a l i f o m l a  93555 
Commanding O f f i c e r  
N a v a l  A Y ~ O ~ ~ C S  Facility 
I n d i a n a p o l i s ,  I n d i a n a  46218 
Commanding O f f i c e r  
Nava l  T r a i n i n g  Device C e n t e r  
O r l a n d o ,  F l o r i d a  32813 
U. S .  Naval Weapons L a b o r a t o r y  
Dnhlgren, V l r g i n i a  22448 
Weapons Sys t ems  Test D i v i s i o n  
Naval A i r  T e s ~  Cente r  
Pv tuxfen r  Rlver, Maryland 20670 
Act": L i b r a r y  
1 Lockhced A i r c r a f t  C o r p o r a t i o n  
P .  0.  Box 504 
Sunnyvs le ,  C a l i f o r n i a  94088 
1 Raytheon Company 
Bedfo rd ,  M a s s a c h u s e t t s  01730 
At tn :  L i b r a r i a n  
Dr . G . J. Murphy 
The T e c h n o l o g i c a l  I n s e i f u r e  
Nor thwes te rn  U n i v e r s i t y  
Evans ton ,  I l l i n o i s  60201 
Dr.  John C. Hancock, D i r e c t o r  
E l e c t r o n i c  S y s t e m s  Resea rch  L a b o r n t o r y  
Purdue U n i v c r s i r y  
L a f a y e t t e ,  I n d i a n s  47907 
I 
1 
1 D i r e c t o r  
Microwave L a b o r a t o r y  
S t a n f o r d  U n i v e r s ~ t ~  
S t a n f o r d ,  C a l i f o r n i a  94305 
I Head, T e c h n i c a l  D i v i s i o n  
U. S. Naval Counter  I n t e l l i g e n c e  Suppor t  Cen te r  
F a i m o n t  B u i l d i n z  
4420 North F n i r f a x  Drive 
A r l i n g t o n ,  ~ ~ r g i n i o  22203 
Mr. C h a r l e s  F.  Yost 
S p e c i a l  A s s t .  LO t h e  D i r e c t o r  o f  Resea rch  
N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  
Wash ing ton ,  D .  C .  20546 
Dr. H. H a r r i s o n ,  Code RRE 
C h i e f ,  E l e c c r o p h y s i c s  Branch 
N a t i o n a l  A e r o n a u t i c s  and Space A d m i n i s f r a t i o n  
Washington, D .  C .  20546 
I 1 hi1 S c h a f e r ,  Mead 
E l e c t r o n i c s  P r o p e r t ~ e s  I n f o  Cen te r  
Huzhes A i r c r a f t  Comnanv r ,  
Culver C i t y ,  C a l i f o r n i a  90230 
1 
Sec 11 ri t y C1 a s si f ic at ion -
DOCUMENT CONTROL DATA - !? 3, I? 4 
( s e c u r i t y  c lass i f ica t ion  of t i t l e .  body ol abstract and indexing annotation must be entered when the overall  report is c l a s s i l , e d )  
2a. R E  P O  R T S E C U R I T Y C L A  551 F I C A T  I ON OR1 GIN A TI N G  A C  T I  v I T Y  (Corporate author) 
J 
Unive r s i ty  of  I l l i n o i s  
Coor d i n a  t e  d S c i e n c  Labor a t  or y 
Urbana. I l b i s  
2b. G R O U P  
R E P O R T  T I T L E  
SENSITIVITY REDUCTION USING OPTIMALLY DERIVED CONTROLLERS 
. D E S C R I P T I V E  N O T E S  ( T y p e  of report and.inclusive d a t e s )  
. A U T H O R ( S )  (First name, middle init ial ,  l a s t  name) 
Herner , James P.  
. R E P O R T  D A T E  
Mav, 1967 
a .  to-NTRACT OR G R A N T  NO. 
DA 28 043 AMC 00073(E) 
200 1450 1B3 1F b. P R O J E C T  N O  
C .  
d. 
0 .  D I S T R I B U T I O N  S T A T E M E N T  
D i s t r i b u t i o n  of t h i s  r e p o r t  i s  u n l i m i t e d  
l a .  T O T A L  N O .  O F  P A G E S  76.  NO.  O F  R E F S  I 
? A  1 h 
Qa. O R I G I N A T O R ' S  R E P O R T  N U M B K R I S )  
I 
R-353 
9b. O T H E R  R E P O R T  NO151 (Any other numbers that may b e  a s s i g n e d  
th is  report) 
I .  S U P P L E M E N T 4 R Y  N O T E S  12. S P O N S O R I N G  M I L I T A R Y  A C T I V I T Y  
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